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In this paper we address the problem of dark energy oscillations in the context of mimetic F (R)
gravity with potential. The issue of dark energy oscillations can be a problem in some models of
ordinary F (R) gravity and a remedy that can make the oscillations milder is to introduce additional
modifications in the functional form of the F (R) gravity. As we demonstrate the power-law mod-
ifications are not necessary in the mimetic F (R) case, and by appropriately choosing the mimetic
potential and the Lagrange multiplier, it is possible to make the oscillations almost to vanish at
the end of the matter domination era and during the late-time acceleration era. We examine the
behavior of the dark energy equation of state parameter and of the total effective equation of state
parameter as functions of the redshift and we compare the resulting picture with the ordinary F (R)
gravity case. As we also show, the present day values of the dark energy equation of state parameter
and of the total effective equation of state parameter are in better agreement with the observational
data, in comparison to the ordinary F (R) gravity case. Finally, we study the evolution of the growth
factor as a function of the redshift for all the mimetic models we shall use.
PACS numbers: 04.50.Kd, 95.36.+x, 98.80.-k, 98.80.Cq,11.25.-w
I. INTRODUCTION
The mimetic gravity idea was introduced some time ago by Mukhanov and Chamseddine [1], and ever since it has
been thoroughly studied in the literature [2–15]. In the context of mimetic gravity, the conformal degree of freedom of
the background metric becomes a matter component of the full theory, so this could play the role of cold dark matter.
Later on in Ref. [10], the mimetic gravity theory was studied in the context of F (R) gravity, and the formalism
of Lagrange multipliers [17, 18] was used. The presence of the Lagrange multiplier and of the potential offered the
possibility for realizing various cosmologies, see for example Refs. [14, 16], for some recent studies.
In this paper we shall use the mimetic F (R) gravity framework in order to investigate the behavior of dark energy
oscillations in the presence of the potential and Lagrange multiplier. In the standard F (R) gravity approach, there
is a big issue coming from dark energy oscillations [19] near the end of the matter domination era and during the
late-time acceleration era [20–24]. This oscillations issue persists in some models even at present time, so this is
a rather disturbing issue. In the standard approach, in order to make the dark energy oscillations milder, it was
compelling to modify the F (R) gravity by adding by hand certain power-law modifications. As we will show, in the
context of mimetic F (R) gravity, it is not necessary to add any power-law modifications and also by appropriately
choosing the mimetic potential and Lagrange multiplier, this can almost make the oscillations to disappear or to have
very small amplitude near and during the late-time era.
In this paper we shall be interested in mimetic F (R) gravity models, in which we will specify the mimetic potential,
the Lagrange multiplier and the F (R) gravity. With regards to the F (R) gravity, we shall choose an exponential
model which was introduced in [25]. This exponential model passes all the local tests [26–31] and some of its variants
unify early and late-time acceleration. Also it mimics the ΛCDM model, so it has appealing properties. In addition,
the motivation for using exponential F (R) gravity models comes from the fact that recent studies indicate that
exponential models resemble to a great extent the ΛCDM model [32]. Particularly the data coming from baryon
acoustic oscillations in the clustering of galaxies and also studies of the shift parameters corresponding to the cosmic
microwave background radiation indicate that there is no possible way to distinguish the resulting cosmological
evolutions caused by exponential F (R) models and the ΛCDM model [32]. This justifies to a great extent why we
decided to use an exponential F (R) gravity model. Our aim is to use special variables which measure the deviation
of the mimetic F (R) gravity model from the ΛCDM model, and we shall study the dark energy equation of state
parameter ΩDE(z) and of the total equation of state parameter ωeff (z) as functions of the redshift z. For this
2calculation we shall use specific forms of the mimetic potential and Lagrange multiplier and also we shall use the
exponential F (R) gravity without the power-law modifications. The result is compared to the exponential with power-
law term ordinary F (R) gravity case, and as we demonstrate the oscillations in the mimetic case are damped and
these have smaller amplitude in comparison to the ordinary F (R) gravity case. Finally, we compute the growth factor
of matter perturbations for both the mimetic and non-mimetic F (R) gravity. For the calculation we shall assume that
the Universe is filled with radiation only in the mimetic case and with non-relativistic matter and radiation in the
ordinary F (R) case. The resulting picture shows that the evolution of the growth factor as a function of the redshift
is different for the various mimetic models when compared to the ordinary F (R) model and also the mimetic models
have differences between them. Finally, we briefly discuss various alternative cosmological scenarios with one of these
being related to the cosmographic approach.
We need to note that the results of our analysis strongly indicate that the phantom line is crossed even in the
context of mimetic F (R) theory. In the literature, a lot of effort has been made towards the complete understanding
of the w = −1 line crossing, in the context of dark energy physics, see for example Ref. [33] for a comprehensive
review on this issue. This issue captivates the interest of cosmologists, due to an existing proof of the no-go theorem
on this issue, see for example Ref. [34], which states that in the standard Einstein-Hilbert gravity, the cosmological
perturbations may become ill behaved if the dark energy crosses the phantom line w = −1. Now this issue may
be overcome in the context of mimetic F (R) gravity, and in principle a suitable choice of the potential may indeed
succeed that, however in this paper we will not address this physically “deep” issue, since a concise treatment of the
cosmological perturbations in the context of mimetic F (R) gravity is needed, which could be treated as a special
form of an F (R, φ) gravity. However this issue is significantly interesting and we will address it in a future work,
especially the impact of the phantom divide crossing on the cosmological perturbations of mimetic F (R) gravity. In
addition to the perturbations issue, in principle, quantum field theory becomes inconsistent with phantom cosmology
due to a catastrophic instability that occurs in the theory. Also phantom cosmology maybe expected to occur in the
future, but it is hard to believe it happened in the past (nevertheless, there are proposals on phantom inflation). In
addition, oscillatory behavior in the total effective equation of state may also quickly bring instabilities, so this is
something that needs to be avoided. As we shall demonstrate mimetic gravity succeeds in making the oscillations
almost to vanish, but the phantom divide crossing occurs, so a deeper analysis is needed to a fundamental level to see
if mimetic gravity makes the phantom dived crossing to disappear from the theory. This would be interesting, since
only a complete theory of quantum gravity makes this possible.
This paper is organized as follows: In section II we present in brief the mimetic F (R) gravity formalism and also
the essentials of the exponential F (R) gravity model. Then we present the general formalism for studying the dark
energy oscillations and we perform a numerical analysis for various mimetic F (R) models. Also we study in brief the
evolution of the growth factor as a function of the redshift and we discuss some alternative scenarios related to the
cosmographic principle. Finally, the conclusions follow in the end of the paper.
II. DARK ENERGY AND EQUATION OF STATE OSCILLATIONS AND MIMETIC F (R) GRAVITY
MODELS
A. Mimetic F (R) Gravity Essentials
Here we shall present the mimetic F (R) gravity framework with Lagrange multiplier and potential. For more details
on these issues see [10, 14, 15]. In the context of mimetic F (R) gravity, the hidden internal conformal degrees of
freedom of the metric are being used [1], and therefore the physical metric gµν can be written in terms of an auxiliary
scalar field φ and in terms of an auxiliary metric gˆµν , in the following way
gµν = −gˆρσ∂ρφ∂σφgˆµν . (1)
The most important assumption in the context of mimetic theories is that the gravitational action should be varied
with respect to the auxiliary metric. From Eq. (1) it easily follows that,
gµν(gˆµν , φ)∂µφ∂νφ = −1 . (2)
Also as it can easily be checked, the parametrization (1) is invariant under the Weyl transformation gˆµν = e
σ(x)gµν ,
and effectively the auxiliary metric gˆµν does not appear in the final action. We assume that the physical metric is a
Friedmann-Robertson-Walker (FRW) metric with line element,
ds2 = −dt2 + a(t)2
∑
i=1,2,3
(
dxi
)2
, (3)
3with a(t) being as usual the scale factor. The gravitational action of the mimetic F (R) gravity with mimetic potential
V (φ) and Lagrange multiplier λ(φ) is [10],
S =
∫
dx4
√−g (F (R(gµν))− V (φ) + λ (gµν∂µφ∂νφ+ 1)) + Lmatt , (4)
where Lmatt is the Lagrangian of the matter fields present, which we shall assume that are perfect fluids. Also we
assume that the auxiliary scalar field depends only on the cosmic time. By varying the action (4) with respect to the
metric tensor gµν , we obtain the following equations,
1
2
gµνF (R)−RµνF ′(R) +∇µ∇νF ′(R)− gµνF ′(R) (5)
+
1
2
gµν (−V (φ) + λ (gρσ∂ρφ∂σφ+ 1))− λ∂µφ∂νφ+ 1
2
Tµν = 0 ,
where Tµν is the energy momentum tensor corresponding to the matter fluids present. Moreover, by varying the
action with respect to the auxiliary scalar field φ, we obtain,
− 2∇µ(λ∂µφ)− V ′(φ) = 0 , (6)
where the “prime” denotes differentiation with respect to the auxiliary scalar φ. Upon variation of the action (4) with
respect to the Lagrange multiplier λ, we obtain,
gρσ∂ρφ∂σφ = −1 , (7)
and as it can be seen, the above equation is identical to Eq. (2). Hence the mimetic constraint (2) is satisfied also
for the mimetic theory with Lagrange multiplier and mimetic potential. Note that the Lagrange multiplier actually
introduces the mimetic constraint, so this is why in the present case we varied the action (4) with respect to the
physical metric and not with respect to the auxiliary metric. For the metric (3), and under the assumption that the
scalar field depends on the cosmic time, the equations of motion (5), (6) and (7), can be written in the following way,
− F (R) + 6(H˙ + 2H2)F ′(R)− 6H dF
′(R)
dt
− λ(φ˙2 + 1) + V (φ) + ρmatter = 0 , (8)
F (R)− 2(H˙ + 3H2) + 2d
2F ′(R)
dt2
+ 4H
dF ′(R)
dt
− λ(φ˙2 − 1)− V (φ) + pmatter = 0 , (9)
2
d(λφ˙)
dt
+ 6Hλφ˙− V ′(φ) = 0 , (10)
φ˙2 − 1 = 0 , (11)
where the “dot” denotes differentiation with respect to the cosmic time t, and the prime in Eqs. (8) and (9) denotes
differentiation with respect to the Ricci scalar R, while in Eq. (10) it denotes differentiation with respect to the
auxiliary scalar1. Also ρmatter and pmatter are the energy density and the effective pressure of the matter fluids
present. From Eq. (10) it follows that the auxiliary scalar is identified with the cosmic time t, a feature also present
in the Einstein-Hilbert mimetic gravity, as it can easily be seen by the mimetic constraint (2). Hence, by using this
identification, Eq. (9) can be written in the following way,
F (R)− 2(H˙ + 3H2) + 2d
2F ′(R)
dt2
+ 4H
dF ′(R)
dt
− V (t) + pmatter = 0 . (12)
Effectively, the mimetic potential V (t) is expressed in terms of the F (R) gravity, the Hubble rate and the effective
pressure as follows,
V (φ = t) = 2
d2F ′(R)
dt2
+ 4H
dF ′(R)
dt
+ F (R)− 2(H˙ + 3H2) + pmatter . (13)
1 Note that in the absence of the mimetic potential, the FRW equations are identical to the ordinary F (R) gravity plus the mimetic term
Cφ/a
3, as it can be seen in Ref. [10].
4Correspondingly, the Lagrange multiplier λ(t) is equal to,
λ(t) = −3H dF
′(R)
dt
+ 3(H˙ +H2)− 1
2
F (R) + ρmatter . (14)
Given the Hubble rateH(t), it is possible to realize any arbitrary cosmic evolution. In addition, given the F (R) gravity
and the Hubble rate, by appropriately choosing the Lagrange multiplier and the mimetic potential, it is possible to
realize a viable cosmological evolution. Our purpose in this paper is to investigate how the dark energy oscillations
behave in the presence of the mimetic potential and the Lagrange multiplier. As we shall see, the mimetic potential
and Lagrange multiplier introduce many new appealing features in the theory under study. Before we proceed to this,
in the next section we shall briefly present the essential features of the F (R) we shall use.
B. Exponential with power-law term F (R) Gravity and Cosmological Viability
In the literature there exist various viable F (R) gravity models, which have to satisfy a number of constraints in
order these can be considered viable [26–31]. For the purposes of this paper we shall use an exponential F (R) gravity
model which has very appealing features, and it was introduced in Ref. [25]. Particularly, it successfully passes all
the local astrophysical constraints, it provides a theoretical framework for the unified description of the late and
early-time acceleration, and it mimics the ΛCDM model at large curvature values. For detailed studies of exponential
models of F (R) gravity see [20–25, 35–37]. The model of Ref. [25] which we will study in this paper, has the following
functional form,
F (R) = R− 2Λ
(
1− e RbΛ
)
, (15)
where Λ is the present time cosmological constant and b is a positive free parameter which is assumed to be O(1).
An issue that occurs in F (R) gravity theories is the existence of large dark energy oscillations during the matter
domination era and later on. The higher derivatives of the Hubble rate strongly diverge as a consequence of the dark
energy oscillations during the matter domination era, as was discussed in detail in Refs. [20, 21, 24]. Particularly, the
high frequency dark energy oscillations occur for large z, where z is the cosmological redshift which is related to the
scale factor as a = 1/(z+1). In addition, the derivatives of the dark energy effective energy density, which we denote
as ρDE , also take large values, and in effect this procedure affects the dark energy equation of state parameter ωDE .
Moreover, the dark energy oscillations have higher frequency in the cases that the F (R) gravity mimics the ΛCDM
model, which occurs when F ′′(R) ≃ 0. This issue also occurs for the model (15), so a consistent way to remedy the
high curvature regime of the model (15) was proposed in Ref. [21], were power-law modifications were included in the
F (R) gravity (15). Particularly, the exponential with power-law term F (R) gravity has the following form,
F (R) = R− 2Λ
(
1− e RbΛ
)
− γ˜Λ
(
R
3m˜2
)1/3
(16)
where Λ = 7.93m˜2 and γ˜ = 1/1000, see Ref. [21] for details. In effect the dark energy oscillations are stabilized
and the frequency of the oscillations becomes nearly constant [21]. Notice that with the addition of the power-law
modifications, the viability of the model is retained, while the dark energy oscillations problem is amended too.
For example the flat space solution is still the Minkowski spacetime, and the power-law modifications vanish in the
de-Sitter epoch, when γ˜ satisfies γ˜ ≪ (m˜2/Λ)1/3, which is satisfied by the choice of γ˜ we made earlier.
As we already mentioned in the introduction, in order to stabilize the dark energy oscillations in the non-mimetic
F (R) gravity case, the power-law modifications are necessary, at least for the class of models under study. However,
as we demonstrate in the next sections, the power-law modifications are not needed in the case of the mimetic
F (R) gravity since by appropriately choosing the mimetic potential and the Lagrange multiplier, the high frequency
oscillations of the dark energy disappear or become damped, at least for the specific class of F (R) models under
study. Thus, the mimetic potential and the Lagrange multiplier play the role of the power-law modifications and
more importantly, these appear from the beginning in the theory without the need to introduce them by hand. In
the next section we demonstrate in detail how this can be done in the context of mimetic F (R) gravity.
C. Dark Energy Oscillations Formalism in Mimetic F (R) Gravity
In this section we shall study the dark energy oscillations of a Universe filled with radiation in the context of mimetic
F (R) gravity, and we compare these oscillations to the exponential with power-law term F (R) gravity case oscillations.
5As we already mentioned, in the standard F (R) gravity approach, the dark energy oscillations have extremely large
frequencies near the end of the matter domination era. This is not an appealing feature since these oscillations would
affect even the present time era, so in order to amend this issue, in the standard F (R) gravity approach, power-law
modifications are needed and in effect the oscillations are damped at the late stages of our Universe evolution. As we
demonstrate in this section, there is no need for power-law modifications in the mimetic F (R) case, since the mimetic
potential and the Lagrange multiplier actually amend the dark energy oscillations. As we will show, the choice of
the potential and Lagrange multiplier plays an important role. Also in some cases the oscillations have almost zero
amplitude and the values of the dark energy density and of the effective equation of state parameter at present time
are very close to observational values.
For the purposes of our study, we shall express all the physical quantities as functions of the redshift z = 1/a− 1
and also we shall introduce new variables which are more appropriate for the study of the dark energy oscillations.
The resulting differential equations will determine the behavior and evolution of the dark energy oscillations, and by
numerically solving these we will study the evolution of the dark energy density ΩDE(z) and of the effective equation
of state parameter ωeff (z), as functions of the redshift z. For the numerical analysis the focus will be for redshifts
z ≤ 10, since we are interested for the last stage of the matter domination era, which started at z ∼ 3000 and finished
around z ∼ 3. After this era, the late-time acceleration era started which continues until today at z ∼ 0. There is a
specific motivation for us to express all the physical quantities as functions of the redshift, and we specify for values
0 ≤ z ≤ 10, since the near future observational data will come from Gamma Ray Bursts or Type Ia supernovae or
other standard candles, corresponding to redshifts with z ≥ 6.
Let us proceed to construct the master equation which governs the dark energy oscillations evolution. We rewrite
the FRW equation (8) as follows,
3F ′H2 =
ρmatt
2
+
V (t)− 2λ(t)
2
+
1
2
(F ′R− F )− 3HF˙ ′ , (17)
where ρmatt is the total mass energy density of the perfect fluids present. For the mimetic F (R) gravity case, we shall
assume that only radiation is present, although even for the vacuum case, the resulting picture is qualitatively the
same. So for the mimetic case, the total energy density is,
ρmatt = ρ
(0)
r a
−4 , (18)
while for the non-mimetic standard F (R) gravity case, the energy density will be assumed to be as follows,
ρmatt = ρ
(0)
m a
−3 + ρ(0)r a
−4 . (19)
Rewriting the first equation in Eq. (17) we obtain,
H2 − (F ′ − 1)
(
H
dH
d ln a
+H2
)
+
1
6
(F −R) +H2F ′′ dR
d ln a
− V (t)− 2λ(t)
3
=
ρmatt
3
, (20)
with R being the Ricci scalar which can be written as follows,
R = 12H2 + 6H
dH
d ln a
. (21)
For notational simplicity we introduce the following function,
Q(a(z)) = V (a(z))− 2λ(a(z)) , (22)
so if this is specified, this will determine how the oscillations will evolve, as we now demonstrate. Notice that if the
function Q(z) is specified, then by using Eq. (10), one easily finds the Lagrange multiplier, given the Hubble rate and
via Q(z), the potential can be determined.
The dark energy oscillations can be consistently described by using the following variables,
yH ≡ ρDE
ρ
(0)
m
=
H2
m˜2
−Q(a)− χa−4 , (23a)
yR ≡ R
m˜2
− dQ(a)
d ln a
, (23b)
with ρDE being the total energy density of dark energy, and also ρ
(0)
m and ρ
(0)
r = χρ
(0)
m are the present values of the
mass-energy densities corresponding to non interacting matter and radiation respectively. In addition, the variable χ
6is the ratio χ = ρ
(0)
r /ρ
(0)
m . The new variable that can describe the dark energy oscillations is called the scaled dark
energy yH(z). To proceed, we divide Eqs. (20) by m˜
2, and by using,
H2
m˜2
− ρM
2m˜2
=
H2
m˜2
−Q(a)− χa−4 = yH (24)
from (23a), we can easily solve the resulting expression with respect to the term 1m˜2
dR
d ln a . Then, upon differentiation
of Eq. (23b), with respect to the expression ln a we get,
dyR
d ln a
= −d
2Q(a)
d ln a2
+
[
−yH + (F ′ − 1)( H
m˜2
dH
d ln a
+
H2
m˜2
)− 1
6m˜2
(F −R)
]
1
H2F ′′
(25)
Then by using Eq. (23a), differentiating Eq. (23a) with respect to ln a, and finally using Eq. (25) we acquire,
dyR
d ln a
= −d
2Q(a)
d ln a2
+
[
−yH + (F ′ − 1)
(
1
2
dyH
d ln a
+
1
2
dQ(a)
d lna
+ yH +Q(a)− χa−4
)
− 1
6m˜2
(F −R)
]
1
m˜2F ′′(yH +Q(a) + χa−4) . (26)
Differentiating Eq. (26) with respect to ln a we get,
dyH
d ln a
=
2H
m˜2
dH
d ln a
− dQ(a)
d ln a
+ 4χa−4. (27)
By combining Eqs. (21) and (23a), in effect Eq. (27) becomes,
dyH
d ln a
=
R
3m˜2
− dQ(a)
d ln a
− 4yH − 4Q(a)
=
yR
3
− 4yH − 2dQ(a)
3d lna
− 4Q(a) (28)
and moreover we rewrite the Ricci scalar as follows,
R = 3m˜2
(
4yH + 4Q(a) + dyH
d ln a
+
dQ(a)
d ln a
)
(29)
Differentiating Eq. (28) with respect to ln a, and also by making use of Eq. (26), we acquire,
d2yH
d ln a2
+
(
4 +
1− F ′
6m˜2F ′′(yH +Q(a) + χa−4)
)
dyH
d ln a
+
(
2− F ′
3m˜2F ′′(yH +Q(a) + χa−4)
)
yH
+

d2Q(a)
d ln a2
+ 4
dQ(a)
d ln a
+
(1− F ′)
(
3dQ(a)d ln a + 6Q(a)− 6χa−4
)
+ F−Rm˜2
18m˜2F ′′(yH +Q(a) + χa−4)

 = 0 (30)
Having Eq. (30) we can easily express all the physical quantities as functions of the redshift z by using the following
two rules,
d
d ln a
= −(z + 1) d
dz
, (31a)
d2
d ln a2
= (z + 1)
d
dz
+ (z + 1)2
d2
dz2
, (31b)
so the dark energy oscillations in a Universe filled with radiation and governed my a mimetic F (R) gravity theory,
are described by the following master equation,
d2yH
dz2
+
1
(z + 1)
(
−3− F
′(R)
6m˜2F ′′(R)(yH +Q(z) + χ(z + 1)4)
)
dyH
dz
+
1
(z + 1)2
1− F ′(R)
3m˜2F ′′(R)(yH +Q(z) + χ(z + 1)4)yH +
(
d2Q(z)
dz2
− 3
(z + 1)
dQ(z)
dz
− 1
(z + 1)
F ′(R)
(
−(z + 1)dQ(z)dz + 2Q(z)− 2χ(z + 1)4
)
+ F3m˜2
6m˜2F ′′(R)(yH −Q(z) + χ(z + 1)4)

 = 0 . (32)
7We will solve numerically this differential equation by specifying the model Q(z) and by using the following initial
conditions,
yH(z) |z=zf=
Λ
3m˜2
(
1 +
zf + 1
1000
)
, y′H(z) |z=zf=
Λ
3m˜2
1
1000
(33)
with zf = 10 and ΩM = 0.279. For the mimetic F (R) gravity case, we shall assume that the F (R) gravity will be that
of Eq. (15), and we shall compare the dark energy oscillations with the non-mimetic F (R) gravity case, in which case
the F (R) gravity is the exponential with power-law term appearing in Eq. (16). As we shall see, the mimetic F (R)
gravity leads to damped dark energy oscillations without the need of power-law modifications, and the observational
features of the models are somewhat appealing.
1. Numerical Analysis for Various Q(z) Models
In this section we perform a numerical analysis of the differential equation (32) which determines the evolution
of the dark energy oscillations in the Universe, in the context of mimetic F (R) gravity, using the numerical values
and initial conditions we specified in the previous section. We shall specify the mimetic potential and Lagrange
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FIG. 1: Comparison of the Hubble parameter H(z) over z for the model Q(z) = √2z + 5
multiplier by providing the exact form of the function Q(z) given in Eq. (22). For the mimetic F (R) gravity case,
the F (R) gravity will be the one appearing in Eq. (15), which has no power-law modifications and we compare the
resulting picture with the ordinary F (R) gravity in which case the F (R) gravity is given by (16) and it has power-law
modifications. Our analysis will involve the evolution of the Hubble rate H(z), which in terms of yH(z) is equal to,
H(z) =
√
m˜2(yH(z) +Q(z) + χ(z + 1)4) . (34)
In addition we study the dark energy density ωDE = PDE/ρDE, which is equal to,
ωDE(z) = −1 + 1
3
(z + 1)
1
yH(z)
dyH(z)
dz
, (35)
and finally the total equation of state parameter ωeff (z), which is equal to,
ωeff (z) = −1 + 2(z + 1)
3H(z)
dH(z)
dz
(36)
We start off the analysis with the model,
Q(z) = √2z + 5 , (37)
and in Fig. 1 we plot the evolution of the Hubble rate as a function of the redshift z, for the mimetic F (R) model
(37), (red curve) and for the ordinary F (R) case (blue curve). As it can be seen in Fig. 1 the two evolutions are
practically indistinguishable, so the two theoretical frameworks yield the same cosmological evolution at the level of
the Hubble rate. The differences can be found when the dark energy equation of state ΩDE(z) and the scaled dark
energy density yH(z) are studied, since higher derivatives of the Hubble rates are involved. In Fig. 2 we present the
comparison of the mimetic scaled dark energy density yH(z) =
ρDE
ρ
(0)
m
over z (left plot, red curve), of the mimetic dark
energy equation of state parameter ΩDE(z) over z (right plot, red curve) and of the mimetic effective equation of state
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FIG. 2: Comparison of the scaled dark energy density yH(z) =
ρDE
ρ
(0)
m
over z (left plot), of the dark energy equation of state
parameter ωDE(z) over z (right plot) and of the effective equation of state parameter ωeff (z) over z (bottom plot) for the model
Q(z) = √2z + 5. The red curves correspond to the mimetic F (R) case, while the blue curves correspond to the exponential
with power-law term ordinary F (R) model.
TABLE I: The values of the dark energy equation of state parameter ωDE(z) and of the effective equation of state parameter
ωeff , at present time for the model Q(z) =
√
2z + 5 and for the ordinary F (R) exponential with power-law term model.
Model ωDE(0) ωeff (0)
Ordinary F (R) Model 0.733292 −0.936629
Q(z) = √2z + 5 0.724737 −0.998281
Observational Data 0.721 ± 0.015 −0.972 ± 0.06
parameter ωeff (z) over z (bottom plot, red curve), with the corresponding ordinary F (R) gravity case (blue curves).
As it can be seen, the mimetic model (37) has very appealing properties since the scaled dark energy density has
some oscillating behavior until approximately z ∼ 5, at which point the oscillations are damped to a great extent. In
addition, the dark energy equation of state parameter ωDE(z) has oscillating behavior until z ∼ 3 and after that there
is no significant oscillating behavior, in contrast to the ordinary F (R) case. Moreover, the oscillating behavior is milder
in comparison to the exponential with power-law term F (R) gravity case. With regards to the effective equation of
state parameter, as it can be seen in the bottom plot of Fig. 2, the two curves are very similar. An important feature
of both cases is that the total equation of state never seems to cross the phantom divide line, or at least it is very close
to it. Later on in this section we shall discuss again this issue. Also, in the mimetic case, the oscillations of the dark
energy equation of state parameter around −1 have almost zero amplitude, which is an intriguing feature. Moreover
in order to make contact with the observational data at present time, in Table I we present the values of the dark
energy density ΩDE(z) and of the effective equation of state parameter ωeff (z), at z = 0, for the mimetic F (R) and
the ordinary F (R) case. As it can be seen, the mimetic case yields intriguingly appealing results since the predicted
TABLE II: The values of the dark energy equation of state parameter ωDE(z) and of the effective equation of state parameter
ωeff , at present time for the model Q(z) = 2z+5z+100 and for the ordinary F (R) exponential with power-law term model.
Model ωDE(0) ωeff (0)
Ordinary F (R) Model 0.733292 −0.936629
Q(z) = 2z+5
z+100
0.706 −0.996532
Observational Data 0.721 ± 0.015 −0.972 ± 0.06
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FIG. 3: Comparison of the Hubble parameter H(z) over z for the model Q(z) = 2z+5
z+100
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FIG. 4: Comparison of the scaled dark energy density yH(z) =
ρDE
ρ
(0)
m
over z (left plot), of the dark energy equation of state
parameter ωDE(z) over z (right plot) and of the effective equation of state parameter ωeff (z) over z (bottom plot) for the model
Q(z) = 2z+5
z+100
. The red curves correspond to the mimetic F (R) case, while the blue curve corresponds to the exponential with
power-law term ordinary F (R) model.
values are very close to the observational data, especially the dark energy equation of state parameter ΩDE(0).
The same qualitative picture can be obtained for other mimetic F (R) models, for example the model,
Q(z) = 2z + 5
z + 100
, (38)
yields also damped oscillating behavior for ΩDE and also for the scaled dark energy density yH(z). The corresponding
behaviors of the Hubble rate H(z) and of yH(z), ΩDE(z) and ωeff (z) as functions of the redshift can be found in Fig.
3 and Fig. 4. Also in Table II we present the predicted values of the aforementioned physical quantities. As it can
be seen, the qualitative behavior is more or less the same in comparison to the model (37), however the observational
values are not in such a good agreement as were the ones of the model (37). This feature is however model dependent,
for example for the model,
Q(z) = tanh(z + 1) , (39)
the observational values of ΩDE and ωeff are in good agreement with the predicted one corresponding to the mimetic
case, as it can be seen in Table III. The corresponding Hubble rate behavior and also the rest of the physical quantities
can be found in Fig. 5. In conclusion the mimetic F (R) gravity models have the following appealing features:
• The Hubble rate of the mimetic model is indistinguishable from the exponential with power-law term ordinary
F (R) model.
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TABLE III: The values of the dark energy equation of state parameter ωDE(z) and of the effective equation of state parameter
ωeff , at present time for the model Q(z) = tanh(z + 1) and for the ordinary F (R) exponential with power-law term model.
Model ωDE(0) ωeff (0)
Ordinary F (R) Model 0.733292 −0.936629
Q(z) = tanh(z + 1) 0.724737 −0.998281
Observational Data 0.721 ± 0.015 −0.972 ± 0.06
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FIG. 5: Comparison of the scaled dark energy density yH(z) =
ρDE
ρ
(0)
m
over z (left plot), of the dark energy equation of state
parameter ωDE(z) over z (right plot) and of the effective equation of state parameter ωeff (z) over z (bottom plot right) for
the model Q(z) = tanh(z + 1). Also the Hubble rate can be found in the bottom left plot.
• There is no need for the introduction of power-law modifications in the F (R) function, since the oscillations are
damped by choosing the potential and Lagrange multiplier.
• The dark energy equation of state oscillations have almost zero amplitude after z ∼ 3, so after the end of the
matter domination there is no issue of dark energy oscillations.
• The predicted values of the dark energy equation of state ΩDE and the of total equation of state parameter
ωeff are very close to the observational values, in comparison to the ordinary F (R) model.
Therefore a mimetic F (R) gravity is distinguished from the ordinary F (R) only if someone evaluates the predicted
scaled dark energy density and the dark energy equation of state parameter. The rest of the physical quantities are
more or less very similar in the two cases. Hence the question is whether there exists any other physical quantity which
can clearly indicate sound differences between the mimetic and non-mimetic case, but also to indicate the differences
between the various mimetic models. In the next section we study one such physical observable related to the matter
density perturbations, namely the growth factor.
Before proceeding to the growth factor issue, it is worth discussing whether the phantom divide is crossed in the
context of mimetic F (R) gravity. For a detailed study on the phantom divide issue see [38]. We shall be interested
for redshifts 0 < z < 3, which correspond to the end of the matter domination era (z ∼ 3) until today z ∼ 0. In Table
IV we present the values of the total equation of state ωeff for various redshifts in the interval 0 < z < 3. As it can
be seen, both the mimetic F (R) models and the ordinary F (R) model, cross the phantom divide line. Note that the
phantom divide crossing usually leads to finite time future singularities, Type I possibly. So it would be interesting to
investigate the effect of the mimetic potential on this type of singular evolutions, or even to add some extra imperfect
fluid in the theory in order to avoid the future singularity. These tasks however exceed the purpose of this paper so
we will address these in detail in a future work.
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TABLE IV: The values of the total effective equation of state parameter ωeff , for the mimetic F (R) models and for the ordinary
F (R) model, for redshifts in the interval 0 < z < 3.
Model z = 3 z = 2.5 z = 2 z = 1.5 z = 1 z = 0.5
Ordinary F (R) Model, ωeff (z) −0.998875 −1.00003 −1.00478 −1.02439 −1.02813 −0.993667
Q(z) = tanh(z + 1), ωeff (z) −1.00255 −1.0017 −0.999444 −0.998923 −1.00212 −1.00303
Q(z) = 2z+5
z+100
, ωeff (z) −0.988715 −0.990299 −0.993416 −0.99778 −1.00208 −1.00335
Q(z) = √2z + 1, ωeff (z) −0.998685 −1.00073 −0.999282 −0.999515 −1.00006 −0.999164
D. Study of the Growth Index and Comparison with non-Mimetic Theories
The cosmological perturbations are always a strong criterion that can help drastically to distinguish the various
theoretical proposals for the Universe evolution. This is owing to the fact that the cosmological perturbations differ-
entiate the predicted evolutions of each model from the background evolution, and this provides information on how
this differentiation is achieved [39]. The focus in this paper is on matter density perturbations, and we shall use the
sub-horizon approximation. Practically, in the context of the sub-horizon approximation, the comoving wavelength
λ = a/k along with the spacelike hypersurface that describes the evolution, are much shorter than the corresponding
Hubble horizon RH = 1/(aH), or in a quantitative way this implies that
k2
a2 ≫ H2 with k and a being the comoving
wavenumber an the scale factor respectively. For the mimetic F (R) gravity case, the perfect fluid matter content is
that of Eq. (18), so the matter density perturbations are quantified by the parameter δ = δεmεm , where ǫm ∼ a−4.
Notice that this does not mean that the evolution is always radiation dominated, due to the presence of the mimetic
potential and Lagrange multiplier. The matter energy perturbation parameter δ satisfies the following differential
equation,
δ¨ + 2Hδ˙ − 4πGeff (a, k)εmδ = 0 (40)
with Geff (a, k) being the effective gravitational constant of the F (R) theory given by [21, 40],
Geff (a, k) =
G
8πF ′(R)
[
1 +
k2
a2
F ′′(R)
F ′(R)
1 + 3k
2
a2
F ′′(R)
F ′(R)
]
(41)
with G being the Newton constant. Notice that in the mimetic F (R) case with potential, the effective gravitational
constant is also given by Eq. (41), but it is worth providing a brief proof of this. The mimetic F (R) theory of gravity
is a theory of the form F (R, φ,X), with X being the kinetic term of the scalar field φ, that is X = −gµν∂µφ∂νφ. For
this kind of theories the effective gravitational constant in the subhorizon approximation is [41],
Geff (a, k) =
G
8πFR
FX + 4
(
FX
k2
a2
FRR
FR
+
FRφ
FR
)
FX + 3
(
FX
k2
a2
FRR
FR
+
FRφ
FR
) , (42)
where FR is the the derivative of F (R, φ,X) with respect to R, FX with respect to X and so on. Eventually in the
mimetic F (R) case, since ∂φF (R) = 0, the expression (42) becomes identical to (41). The physical quantity we shall
study in this section is the growth factor fg(z) =
d ln δ
d ln a , so expressing the differential equation (40) in terms of the
growth factor and the redshift, we obtain,
dfg(z)
dz
+
(1 + z
H(z)
dH(z)
dz
− 2− fg(z)
)fg(z)
1 + z
+
4π
G
Geff (a(z), k)
(z + 1)H2(z)
εm = 0 (43)
The contribution of the mimetic potential and Lagrange multiplier comes from the Hubble rate and also notice that
in the mimetic case the F (R) gravity is different from the ordinary F (R) gravity, since there are no power-law
modifications. We now perform a numerical analysis of the differential equation (43), using the initial condition
fg(zfin, k) = 1, with zfin = 10. Note that the differential equation (43) is valid for specific values of k, in order that
the sub-horizon approximation holds true. In Table V we present the various values of the comoving wavenumber
for the ordinary F (R) gravity model and also for the three mimetic models, and we use allowed values of k for the
numerical analysis. Particularly, the value k = 0.1Mpc−1 is allowed for all models, so the results of the numerical
analysis can be found in Fig. 6. As it can be seen in the right plot, all the mimetic models produce a growth factor
which is quite well below the ordinary F (R) gravity case (black thick curve). Also the three different models generate
a different evolution of the growth factor, as it can be seen in the left plot. Hence, the growth factor can be a consistent
criterion which differentiates the various models we studied in this paper.
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FIG. 6: Comparison of the growth factor fg(z) over z, for k = 0.1Mpc
−1 for the model tanh(1+ z) (black curve), for the model
2z+5
z+100
(red curve) and the model
√
2z + 5(blue curve). In the left plot, the growth factors corresponding to the three models
appear only while in the right plot the growth factor of the three models are compared to the standard non-mimetic F (R)
gravity model, for the exponential with power-law term model (black thick curve).
TABLE V: Allowed values of the comoving wavenumber k for the mimetic F (R) models and for the ordinary F (R) models.
Model Allowed value of k
Ordinary F (R) Model k > 0.000115629
Q(z) = √2z + 5 k > 0.000133543
Q(z) = 2z+5
z+100
k > 0.0000947621
Q(z) = tanh(z + 1) k > 0.000110926
E. Alternative Scenarios and Further Perspectives
One case that we did not address in the previous sections is the case of mimetic F (R) gravity without potential
and Lagrange multiplier. This was studied in [10], and the resulting equations of motion for the FRW metric (3)
are similar to Eqs. (8), and (9), with the difference that the potential and the Lagrange multiplier are replaced by
a term Cφ/a
3. It is exactly this term that mimics the dark matter, since it originates from the hidden conformal
degree of freedom of the metric tensor. We performed an analysis for the cosmological evolution of the dark energy
oscillations for this case, and the resulting picture is very similar to the ordinary F (R) case, since the difference is
just the presence of the free parameter Cφ. So practically the only difference is that all the quantities are rescaled, for
example the behavior of the dark energy parameter is presented in Fig. 7. Finally, let us note that the presence of the
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FIG. 7: Comparison of the dark energy equation of state ΩDE(z), for the simple mimetic case Cφ/a
3 (blue curve). The resulting
dark energy oscillations are rescaled, depending on the choice of the parameter Cφ. In this case we chose Cφ/ρm = 10.
mimetic potential and the Lagrange multiplier in the Lagrangian offers many possibilities for realization of various
cosmologies. It is known that cosmographic studies indicate that the cosmological standard model behaves as follows,
[42],
H(z) ∼
√
Ωm(1 + z)3 + ln(α+ βz) . (44)
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In the mimetic model at hand, the Hubble rate in terms of the function Q(z) is given in Eq. (34), so by choosing the
function Q(z) as follows,
Q(z) = Ωm(1 + z)3 + ln(α+ βz)− m˜2(yH(z)− χ(z + 1)4) , (45)
then, the corresponding evolution is identical to (44). Therefore, the mimetic case offers much freedom for model
building.
Concluding Remarks
In this paper we demonstrated that in the context of mimetic F (R) gravity with Lagrange multiplier and mimetic
potential, it is possible to solve in a kind of elegant way the problem of dark energy oscillations at late times.
Particularly, in the standard F (R) gravity approach, the dark energy equation of state oscillates strongly after z ∼ 3,
which is near the end of the matter domination era, and until z ∼ 0, which is the present time. In the standard
approach, the F (R) gravity has to be modified by adding power-law modifications, however the problem is not
completely solved. In the mimetic case, no power-law modifications are needed, and moreover by appropriately
choosing the potential and the Lagrange multiplier, it is possible to minimize the amplitude of the oscillations.
We performed a numerical analysis which showed in a clear way that the oscillations are strongly damped, so the
mimetic potential and Lagrange multiplier solve this serious issue. In addition, by calculating the present day values
of the mimetic dark energy density parameter ΩDE(0), and the total effective equation of state parameter ωeff (0),
we demonstrated that the values are very close to the observational data and in some cases, full concordance with
observations is achieved. Finally, we calculated the growth factor for all the mimetic models and we compared its
behavior as a function of the redshift z with the ordinary F (R) gravity case. As we showed, the various mimetic
models have strong differences with the ordinary F (R) and also there are differences between the growth factor of
each model.
The mimetic F (R) gravity framework proves to be very useful, since many cosmological evolutions can be realized
in the context of this theory. The question is, can this theory be considered as a viable modified gravity candidate?
Indeed it seems that with this theory, everything can be realized and someone could say that it lacks of predictability.
From our point of view, mimetic gravity is more than a simple mathematical construction. It is appealing and in some
sense “economical” since nothing new is added to the theory and the considerations involve the internal conformal
degree of freedom of the metric. Moreover, compatibility with the observational data can be achieved and in addition,
with the present work we showed that the theoretical problem of dark energy oscillations is solved without adding by
hand curvature correction terms. More importantly, the observational values of the dark energy density parameter
and of the total effective equation of state parameter are in agreement or very close to the observational values of these
parameters. But in all cases we have better agreement in comparison to the values corresponding to the ordinary F (R)
case, so the mimetic theory is subtly more appealing. Also the predicted growth factor of the mimetic models is quite
lower in magnitude in comparison to the ordinary F (R) case. Hence, by taking into account all the aforementioned
features and also the ones appearing in the literature, one may find it difficult to claim that this theory is rather a
mathematical construction, and the theory deserves more work in order to reveal all its fundamental features.
An interesting quite novel research stream could start by considering mimetic modifications of torsion-based theories
of gravity, such as teleparallel theories of the form f(T ), with T being the torsion scalar, see for example the recent work
[43]. This study would be strongly motivated by the fact that in the particular case f(T ) = T , one gets the teleparallel
equivalent of general relativity, in which case the equations of motion of the torsion and of the Einstein-Hilbert gravity
coincide. However, in mimetic modifications of torsion theories, one should carefully reveal the conformal degree of
freedom of the metric, by using the vierbeins appropriately. If this is true, a new theory with geometric originating
dark matter would be obtained, so we defer this issue to a future work.
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